The effect of wavy surface on natural convection flow of two-phase dusty fluid over a vertical frustum of a cone is presented in this paper. The boundary layer regime having the large value of Grashof number Gr is considered and the wavy surface is assume to have wavelength and amplitude of O(1). A sinusoidal surface is used as a particular example to elucidate the heat transfer mechanism near such surfaces. The transformed boundary layer equations are solved numerically and detailed results for the skin friction and rate of heat transfer coefficients are presented for a selected parameters: wavy surface amplitude, half cone angle, mass concentration parameter and dust parameter. Comprehensive flow formations of the contaminated oil having Pr equal to 500.0, are given with the aim to predict the enhancement of heat transport across the heated wavy frustum of the cone.
Introduction
The analysis of the flow of fluids with suspended particles or gas-particle mixture have received notable attention due to its practical applications in various problem of atmospheric, engineering and physiological fields. Typical examples occurring in nature are dust storms, forest-fire smoke and the dispersion of the solid pollutants in atmosphere. In addition, solid rocket exhaust nozzles, fluidization in chemical reactors with gas-solid feeds, ablation cooling, combustion chambers, blast waves moving over the Earth's surface, conveying of powdered materials, fluidized beds, environmental pollutants, petroleum industry, purification of crude oil, physiological flows and other technological fields (see [1] ) are some of the practical problems where the dusty viscous flow found its applications. Other important applications involving dust particles in boundary layers include soil salvation by natural winds, lunar surface erosion by the exhaust of a landing vehicle and dust entrainment in a cloud formed during a nuclear explosion. For theoretical investigation Saffman [2] proposed the model initially and later on several attempts were made to conclude the physical insight of such two-phase flows (for example see [3] [4] [5] [6] [7] [8] ).
Irregular surfaces, say, vertical or horizontal wavy surfaces have been considered vastly in the literature [9] [10] [11] [12] [13] [14] [15] . Through these analysis it has been reported that heat transfer along these surfaces increases considerably, which ultimately serves practically in engineering applications (for instance in solar collectors, industrial heat exchangers and condensers in refrigerators). However, the problem of convection flow from a vertical wavy cone and/or a frustum was discussed by very few authors [16] [17] [18] [19] [20] . Natural convection over a vertical cone can be dealt with similarity methods whereas that over a frustum cone cannot be solved by using similarity methods and hence some alternative methods has to be used, such as, finite difference methods. Since heat transfer characteristics from the surface of the cone and frustum cone depend on the properties of the boundary layer, the accuracy with which these properties are known are important for engineering applications.
The behavior of two-phase flows along a wavy frustum of a cone is not yet discussed in the literature. The class of solutions of gas boundary layer containing uniform, spherical solid particles from a sinusoidal wavy frustum of a cone is therefore investigated in this article. We will discuss the solutions of the basic dusty fluid flows by considering the fact that the processes of drag and heat transfer are responsible for the coupling of particles and the gas. From the present analysis we will interrogate whether the presence of roughness element disturbs the two phase flow and alter the physical characteristics associates with the wavy frustum or not? The solutions are obtained numerically and presented in the form of wall shear stress, heat transfer rate, velocity and temperature profiles by varying several controlling parameters.
Analysis
Consider steady two dimensional natural convection fluid-particle flow along the vertical wavy frustum of a heated cone. the boundary layer is assumed to develop at the leading edge (x =x 0 ), which means the temperature at the circular base is assumed to be at the same temperature as the temperature of the surrounding fluid. Due to the difference in temperature between the surface and the surrounding fluid, an upward flow is created as a result of buoyancy. For the boundary layer analysis outlined, the vertical frustum of the cone is assumed to exhibits the transverse sinusoidal waves having the amplitudeâ and the characteristic length L as depicted in Fig. 1 . In particular, the wavy surface profile is mathematically expressed as:ŷ
wherex 0 is slant height of the lower end of the cone and L is the characteristic length associated with the uneven surface (also known as half of the wavelength of the uneven surface). We have considered dusty fluid which is originally at rest along a vertical heated wavy frustum of the cone. Initially, the system is having a uniform temperature T ∞ . Suddenly, the surface of the coneŷ = 0 is heated to a temperature T + ∆T and natural convection starts due to this. Following (see Ref. [2] , [14] ), the current analysis is made by keeping in view the underlying assumptions:
• The number density of particles is uniform in the suspension.
• The dust particles are sparsely distributed in the base fluid and they are non-interacting. As a result, there will be lack in randomness of the local particle movement and hence the associated pressure with the particles will be negligible and will be equal to the pressure of base fluid. Now the governing system of equations is as under: For the gas phase:
For the particle phase:
where (û,v), T ,p, ρ, c p , β κ, µ are respectively the velocity vector in the (x,ŷ) direction, temperature, pressure, density, specific heat at constant pressure, volumetric expansion coefficient, thermal conductivity and coefficient of viscosity of the fluid/carrier phase. Similarly, (û p ,v p ), T p ,p p , ρ p and c s corresponds to the velocity vector, temperature, pressure, density and specific heat for the particle phase. Furthermore, ⃗ g = (g cos ϕ, g sin ϕ) is the gravitational acceleration along the (x,ŷ) directions respectively, and τ m (τ T ) is the momentum relaxation time (thermal relaxation time) during which the velocity (temperature) of the particle phase relative to the fluid is reduced to 1/e times its initial value. In addition, ϕ is the half angle andr is the local radius of the frustum of a cone which is given as follows:
The fundamental equations stated above are to be solved under appropriate boundary conditions to determine the flow fields of the fluid and the dust particles. Therefore, respective boundary conditions for the gas and particle phase are:
where T w is the constant temperature of the heated cone which is higher than the ambient fluid temperature T ∞ , i.e. (T w >> T ∞ ). For large Gr, the system of equation Eqs. (2)- (12) can be transformed into boundary layer equations as follows: For the gas phase:
Associated boundary conditions for above phases are:
where
The carrier phase and particle phase are interacted through the terms:
is the specific heat ratio of the mixture. For different gas-particle combinations, γ may vary between 0.1 and 10.0, and in such cases, either the temperature or the velocity tends to reach equilibrium faster (see [1] ).
is the mass concentration of particle phase or the ratio of densities of the fluid and the dust particles. τ T = 1.5γτ m P r is the relation between thermal relaxation time (τ T ) and velocity relaxation time (τ m ); indicating that τ T is obeying the Stokes law. It should be noted that, for most gases, the Prandtl number, Pr is near 2/3 and the specific heat mixture parameter (γ) is typically near one, which means that for this particular situation temperature and velocity relaxation become equivalent. Finally, α d = L 2 /ντ m Gr 1/2 is the parameter depending on the relaxation time of the particles and the buoyancy force.
The pressure gradient of the gas and the particle phase along the y direction are of O(Gr −1/4 ), as depicted from the Eqs. (14) and (18), respectively, which implies that the lowest order pressure gradient of both phases along the x direction can be determined from the inviscid-flow solution. In the present problem, this pressure gradient is zero because there is no externally induced free stream. Eq. (14) further shows that Gr 1/4 ∂p/∂y is O(1) and can be determined by the left -hand side of this equation. Thus, the elimination of ∂p/∂y from (14) and (15) leads to:
The same reason holds for dusty phase, therefore, from Eqs. (18) and (19) one gets:
To establish the solutions of the coupled equations (13), (16), (17), (20), (23), (24) along with the boundary conditions (21) we switch into another system of equations with the help of primitive variable formulations. For this, the following set of continuous transformations are introduced:
Upon substitution of (25) in Eqs. (13), (16), (17), (20), (23), (24) we get:
Subject to the conditions:
A numerical solution for the coupled system of non linear partial differential Eqs. (26)-(32) by a finite difference method is straightforward, since the computational grids can be fitted to the body shape in (X, Y ) coordinates. The discretization process is carried out by exploiting the central difference quotients for diffusion terms, and the forward difference for the convection terms. The computational process is started at X = 0.01 as the singularity at this point has been removed by the scaling. At every X station, the computations are iterated until the difference of the results, of two successive iterations become less or equal to 10 −6 . In order to get accurate results, we have compared the results at different grid size in Y direction and reached at the conclusion to chose ∆Y = 0.005. In this integration, the maximum value of Y is taken to be 90.0. A detail description of discretization procedure and numerical scheme is presented in [19] .
Once the unknown variables of both phases are obtained, the quantities of interest: local skin friction coefficient, τ w , and rate of heat transfer, Q w can be computed from the following relations:
Heren is the unit vector normal to the wavy surface and defined as:
Now by using the transformations in Eqs. (22) and (25) in (33), we get:
(36)
Numerical Results and Discussion
The system of equations for the two phase model obtained in (27)-(32) are solved numerically by the two-point implicit finite difference method. From the problem under consideration, a number of results can be retrieved that are discussed in the literature by various authors. For example, if α d = 0, D ρ = 0 and x 0 = 0 then governing equations will refer to the model of full wavy cone discussed by Pop and Na [16] . Similarly, if α d = 0, D ρ = 0, x 0 = 0 and a = 0 then our model will describe the problem of natural convection flow over a flat frustum cone which has been solved in [20] . This analysis also retrieves the results of Pop and Na [17] in the absence of α d = 0 and D ρ = 0. In reference [17] , the authors adopted stream function formulation and solved via Keller box method, while on the other hand, present authors formulate the physical situation through primitive variable formulation and solved via Thomas algorithm. In-spite of different formulations and methods as well; the computational results are compared in Fig. 2 For the two-phase problem under consideration, numerical results are presented for Prandtl number, Pr = 500.0 and x 0 = 1.0. The value of mass concentration parameter D ρ is taken as 10.0 and the value of γ is assumed to vary from 0.1 to 1.0 that helps in considering the orders of magnitude of the dimensionless numbers. Particularly, solutions are presented by keeping in view mixture of oil with metal particles and these solutions are presented through variation of wall shear stress and heat transfer, velocity and temperature profile, streamlines and isotherms.
Graphical presentation of skin friction coefficient, τ w , and rate of heat transfer coefficient, Q w is given in Fig. 3 for oil particulate suspension. The skin friction coefficient decreases when the value of mass concentration parameter D ρ increases from 0.0 to 10.0. The carrier phase loses some kinetic energy from the particles through the interaction and as a result the velocity gradient for the carrier fluid decreases at the surface of the wavy frustum of vertical cone. On the contrary, rate of heat transfer coefficient drastically increases. It is worthy to mention here that Q w is mainly influenced due to particle impingement on the sediment layer. For higher values of D ρ , the dusty oil gains the kinetic and thermal energy from the particles and the relative velocity of particle phase increases and the particles moves through the thermal boundary layer region with less time, thus preserving the lower temperature of the regions away from the interface. This tends to increase the temperature gradient between the impinging particles and the sediment and consequently the rate of heat transfer coefficient is promoted. Fig. 4 displays the variation in quantities: τ w and Q w that are brought by changing the value of specific heat ratio parameter (γ) of the suspension. The skin friction coefficient remains insensitive but rate of heat transfer get stronger within the boundary layer region when γ increases. The case for γ = 1.0 corresponds to the physical situation when the specific of the carrier phase, c s , becomes equal to that of particle phase, c p , due to which the oil particulate suspension gains more thermal energy which give rise to the temperature gradient and hence assist the rate of heat transfer to enhance.
The influence of the dust parameter, α d , for oil particulate suspension on τ w and Q w , is depicted in Fig. 5 . It is interesting to infer from this figure that the value of skin friction coefficient, τ w , and rate of heat transfer coefficient, Q w , increases owing to the increase in dust parameter, α d . The presence of inert particles are responsible for the enhancement of both the quantities.
The effect of mass concentration parameter on velocity and temperature profiles is illustrated in Fig. 6 . For comparison, suspension without particle cloud (pure oil) is also presented. The curve in Fig. 6(a) show that by loading the dust particles in the oil mixture the fluid and temperature profiles of both phases diminishes considerably. For nonzero value of D ρ the velocity and temperature profiles of carrier and dusty phase decays quickly to its asymptotical values and approaches to zero in the free stream region. The presence of inert particles are responsible for this behavior as they increase frictional forces. Clearly, it is seen from this figure that the thickness of momentum and thermal boundary layers increases. The dust particles near the surface are quit fine, that is, mass of the dust particles is negligibly small, then the relaxation time of dust particle decreases, and as a result the velocities and temperature profiles overlaps in the vicinity of the frustum cone. Further, the fluid, which is nearer to the axis of flow, moves with a greater velocity than the dust particles. This is because the fluid velocity is the source of the duct particle velocity.
Conclusion
The present analysis aims to compute the numerical results of two-phase boundary layer flow of dusty fluid along a vertical wavy frustum of a heated cone. Primitive variable formulations is adopted to transform the dimensionless boundary layer equations into convenient form and then the resulting nonlinear system of boundary layer equations are iteratively solved step by step by using implicit finite difference method along with tri-diagonal solver. The problem is investigated to predict the characteristics of oil particulate suspension moving along a vertical wavy frustum of a cone. Results are interpreted by considering base fluid/continuous fluid as oil, while particle cloud contains metal as a solid phase under the influence of several physically important parameters, such as, D ρ , a, α d and γ. From detailed numerical results, it is found that the skin friction coefficient decreases when metal particles are loaded into the oil and remains almost invariant by increasing the value of γ. On the contrary, the rate of heat transfer coefficient drastically increases when metal particles are increased within the oil. 
